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with regular boundary Γ , −div σ + ∇p = f , σ = 2µε(u) + λdiv u I
(1)
where σ and ε(u) = 1 2 ( ∇u + ∇u T ) are the effective stress and strain tensors, λ and µ are the Lamé coefficients, K is the hydraulic conductivity tensor, the right-hand term f is the density of applied body forces and the source term g represents a forced fluid extraction or injection process. The time derivative of the displacement vector is denoted by ∂ t u.
To complete the coupled system, appropriate boundary and initial conditions must be added. For example, a typical set of boundary conditions is u = 0, and K ∇p · n = 0, on Γ c , σ · n = β, and p = 0 on Γ t , where n is the unit outward normal to the boundary and Γ t ∪ Γ c = Γ , with Γ t and Γ c disjoint subsets of Γ with non null measure. For the initial time, t = 0, the following incompressibility condition is satisfied (div u)(x, 0) = 0, x ∈ Ω. Results on the existence and uniqueness of the solution for Biot's model have been investigated by Showalter in [4] and by Zenisek in [5] , and the well-posedness for nonlinear poroelastic models is considered, for example, in [6] .
Analytical methods have been used for solving some linear poroelasticity problems, e.g., [7, 8] . However, due to the complexity of real world applications, numerical simulations seem to be the only way to obtain quantitative results in practice. Among different numerical methods for solving Biot's model, finite difference and finite element methods are common choices. We refer to [9] [10] [11] for finite difference methods, [12] [13] [14] [15] [16] for finite element methods, and reference therein for more details.
One major challenge in the numerical simulations for the Biot's model is the numerical instabilities in the approximation of the pressure variable, i.e., the numerical solution of the fluid pressure often exhibits strong nonphysical oscillations, see for instance [17] [18] [19] [20] [21] . Such numerical instabilities usually occur when the porous media have low permeability and/or a small time step is used at the beginning of the consolidation process. Researchers have been studying this issue in the literature and developing numerically stable discretizations for the Biot's model. Usually, the numerical instability is attributed to the violation of the inf-sup condition for the Stokes problem (see [22] ). Therefore, in several papers, Murad, Loula, and Thomee [23] [24] [25] studied the inf-sup stable discretizations for the displacement and pressure variables. However, in [26, 27] , it was shown that the inf-sup condition is not a sufficient condition for numerical stability. Another explanation of the instabilities is the lack of monotonicity in the discrete schemes. Therefore, in [27] , a time-dependent stabilization term is added to the flow equation which leads to oscillation free approximations of the pressure using the MINI element [28] and the P 1 -P 1 element. Besides the standard two-field formulation (displacement and pressure), three-field formulation (displacement, fluid flux, and pressure) and four-field formulation (displacement, stress, fluid flux, and pressure) are also considered numerically based on various combinations of continuous and discontinuous Galerkin finite elements, see [21, [29] [30] [31] [32] [33] . Again, in order to handle the numerical instabilities, stabilization for the three fields problem is proposed and analyzed in [34] , recently. In [35] , a nonconforming finite element method with mass lumping is proposed which also leads to oscillation-free and stable pressure approximations numerically.
Recently, WG methods, first proposed and analyzed by Wang and Ye [36] , provide a general finite element technique for solving partial differential equations. In general, WG methods approximate the differential operators in PDEs by weak forms as distributions for generalized functions. Usually, the WG formulation for PDEs can be derived by replacing usual derivatives by weakly-defined derivatives in the corresponding weak form with optional stabilization term in order to enforce the weak continuity. The WG methods have been successively applied to the second order elliptic equations in the primal form [36] , and mixed form [37] for general finite element partitions of arbitrary shape [38] . Recent work on WG methods reveal that the concept of discrete weak derivatives offers a new paradigm for numerical solving PDEs and the WG methods often provide robust and stable discretizations for various problems. For example, stable discretization for Stokes equation [39, 40] , stable discretization for the Brinkman equations [41] , and locking-free scheme for the linear elasticity problems in the primal formulation [42] . Other applications of WG methods include the elliptic interface problems [43] , biharmonic equations [44, 45] , Maxwell equations [46] , Helmholtz Equation [47] , and Darcy flow [48] .
In this work, we adopt the general framework of the WG methods and develop a WG method for solving the Biot's model (1)- (2) . We use the locking-free discretization [42] for the displacement. Together with appropriately chosen WG spaces for the pressure, we theoretically show that the proposed WG formulation provides a locking-free and inf-sup stable discretization for the Biot's model with standard polynomials. Well-posedness can be shown with simple Backward Euler temporal discretization. In the spirit of WG methods, this new scheme also allows the use of polytopal meshes with certain shape regularity. We also prove the optimal convergence of the proposed WG method under certain smoothness assumptions on the exact solution. Moreover, as we shown later numerically, our WG formulation actually provides an oscillation-free discretization for the Biot's model. This is achieved without special techniques such as mass lumping or stabilization with parameters that need to be chosen properly. Our WG scheme is parameter-free and has competitive number of unknowns since linear polynomials are used on both interior and boundary of each element, where the interior unknowns can be eliminated efficiently from the linear system. The rest of the paper is organized as follows. In Section 2, we introduce the weak derivatives and our WG formulation for the Biot's model. In Section 3, we study the well-posedness at each time step for our WG scheme. We derive the error estimate for the WG approximation in Section 4. Optimal-order convergence is proved under certain regularity assumption. Finally, we present some numerical experiments to demonstrate the stability of the WG formulation in Section 5.
Weak Galerkin method
In this section, we define the WG spaces and weak derivatives. Then we introduce our WG scheme for the poroelasticity. We first introduce the following Sobolev spaces that are needed to define the weak formulation of (1)- (2),
Then the weak form of (1)- (2) can be written as:
where
Here we use : to denote the standard element-wise product between tensors. Next we consider weak Galerkin discretization of (4)- (5). Let T h be a triangulation of the domain Ω ∈ R d consisting of polygons in 2D or polyhedrons in 3D which are shape regular as described in [37] . For each T ∈ T h , we use h T to denote the diameter of T and the mesh size is defined as h = max T ∈T h h T . Let e denotes the edges (or faces) of T . E h denotes the set of all edges (or faces) and E 0 h = E h \ ∂Ω denotes all interior edges (or faces).
For the displacement u, we follow the idea from [42] and use the following local weak finite element space
The global weak finite element space V h is obtained by patching the local spaces V (T ) with single-valued v b on each interior element interface. Then we define the following weak finite element space with vanishing boundary conditions on Γ c , [39] , the discrete weak divergence and gradient can be defined as usual. First, define ∇ w · v ∈ P 1 (T ) and ∇ w v ∈ [P 1 (T )] d×d on each element T as follows,
Then define the global weak divergence and gradient by patching the local ones, i.e.,
Finally, the weak strain tensor can be defined as follows
For the pressure p, we follow the standard approach [36, 49] and use the following local weak finite element space
Then by patching the local spaces Q (T ) with single-valued q b on each interior element interface, we obtain the global weak finite element space Q h . Further, the weak finite element space with vanishing boundary condition on Γ t is defined as
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For q ∈ Q h , we can define discrete weak gradient in a similar way. First, we define the local weak discrete gradient
Patching the local discrete weak gradient, we obtain the global discrete weak gradient
Based on the discrete weak divergence and gradient, we can define the following bilinear forms which are analogy of
Based on those bilinear forms, we can proposed the weak Galerkin method for the Biot's equation. More precisely, we use weak Galerkin for spatial discretization and backward Euler for temporal discretization and the full discretization is given as follows: find u
and τ is the time step size.
Remark 1.
For the sake of simplicity, we only consider P 1 -P 1 elements here. In general, our analysis also works for high order elements such as P k -P k elements.
Well-posedness
In this section, we discuss the well-posedness of the WG discretization (6)-(7). At each time step, we solve the following
Here we drop the superscript n and subscript h for the simplicity andg = τ g(
d . Based on these definitions, we have the following properties which follows from [39] .
and, therefore, we have
Proof. For any φ ∈ P 1 (T ), we have
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These complete the proof.
Next we define the following semi-norms on the weak finite element space V c h and Q t h , respectively.
In fact, following the standard arguments, it is easy to verify that those semi-norms indeed are norms in V 
and, for φ ∈ P 1 (T ), we have 
Following the ideas in [39] , for the bilinear form b w (v, q 0 ), we can show the following so-called inf-sup condition. 
and
Therefore, we have |||v||| V ≤ C ∥ṽ∥ 1 . On the other hand, we have,
Therefore, we have
which completes the proof.
Finally, it is also easy to verify that the bilinear form b 
and the weighted norm
We have the following theorem. 
with the constant β independent of the mesh size h and time step size τ . Moreover, the discrete linear system (8) and (9) is well-posed.
Proof. According to the inf-sup condition (10) of b
Given u ∈ V c h and p ∈ Q t h , we choose v = u − θw and q = −p, then we have
Please cite this article in press as: X. Therefore, by the standard Babuška theory, we can conclude that the linear system (8) and (9) is well-posed.
Error estimates
In this section, we derive the error estimate for the fully discrete scheme (6)- (7). Here, we consider the initial data u 0 h satisfies ∇ w ·u 0 h = 0 which corresponds to (3). Other initial condition could also be considered without changing the analysis.
We start with deriving the error equation of our model. The following lemma summaries the results. 
Lemma 6. Let u and p be the solution of the model problem (1) and (2), for v ∈ V
Proof. We first test (1) with v 0 in v = {v 0 , v b } and have
Using standard integration by part, we have
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Combining the above equations, we obtain (13) .
Similarly, we test (2) by q 0 in q = {q 0 , q b } and by integration by parts, we have
Note that
and, assume K is constant on each T ,
Again, combining the above equalities, we have (14) . The proof is completed.
Based on (13) and (14) and follow the standard error analysis of time-dependent problems in Thomée [50] , we define the
Then we can split the errors between the L 2 projections Q h u, Q h p and u n h , p n h as following
In order to estimate the error ρ u and ρ p , we need the following technical results.
Lemma 7. Assume that the finite element partition T h is shape regular, then for
and q h ∈ Q h , we have the following estimates
Proof. Derivation of (19) , (22), (23) can be found in Lemma A.3, [39] . Proof of (21) can be found in Lemma A.11, [42] . Estimates (20) and (24) can be derived in the similar way as the derivation in Lemma A.3, [39] and Lemma A.11, [42] by using CauchySchwarz inequality, trace inequality, and error estimates of L 2 projections given in Lemma 4.1, [37] .
Next we give the error estimates of ρ u and ρ p based on Lemma 7.
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Lemma 8. Let ρ u and ρ p are defined in (17) and (18), respectively. Assume that the finite element partition T h is shape regular,
Proof. Note that, for any
which gives (25) . (16) Therefore, we obtain (26).
We can similarly define the elliptic projections of ∂ t Q h u and ∂ t Q h p and obtain the similar error estimates for ∂ t ρ u and ∂ t ρ p as well, with the right hand sides of (25) and (26) replacing by the norms of ∂ t p and ∂ t u.
Next we estimate the error e n u and e n p . The overall error estimates can be derived by the triangular inequality. In order to simplify the notation, we introduce the following norm on the weak finite element spaces V h and Q h ,
Proof. Based on the definitions ofū h andp h , we have
Choosing v h =∂ t e n u in (28) and q h = e n p in (29) , and then subtracting them, we have
Apply the inf-sup condition (10), we have
which implies
Combining (30) and (31), we obtain the error estimates (27) .
Following the same procedure of Lemma 8 in [27] , we have
Now, combining all the results above, we have the following theory about the error estimates. 
we have the following error estimates
Consequently, the following error estimates hold
Proof. The estimate (33) follows directly from (25), (26), (27) , (32), and triangular inequality. Finally, (34) follows from triangular inequality, the estimate (33) , and the error estimates of L 2 projections.
Numerical experiments
In this section, we consider three examples to demonstrate the robustness of the proposed weak Galerkin discretization and verify the theoretical results presented in the previous section. The first numerical experiment has analytical solution and we use it to confirm the accuracy of the discretization and the error analysis. The second and third tests show that the weak Galerkin discretization indeed provides an oscillation-free numerical approximations.
Model problem with analytic solution
In this numerical example, we consider the Biot's model (1) 
) , and
For displacement u, we prescribe the Dirichlet conditions on ∂Ω. For pressure, Neumann boundary conditions are used except the boundary y = 1, where Dirichlet condition is applied. The material properties are chosen as following
The errors and convergence rate are reported in Table 1 for the numerical solutions on different meshes with h and τ ranging from 1/4 to 1/128 simultaneously. The reported errors are at T = 1. We can see that the overall convergence is linear which confirms our theoretical results in Theorem 10. Since our WG scheme is for spatial discretization, we fix a very small time step size τ = 10 −5 and report the errors (which is dominated by the spatial error) in Table 2 . As we can see, optimal convergence rate can be observed for the error in the energy norm, which again confirms our theoretical results in Theorem 10. Moreover, we can also observe second order convergence for the error in the L 2 -norm, which is also optimal.
Layered porous medium with variable permeability
In this test we consider an example proposed in [19] . This example models a porous material on a low-permeable layer (K = 10 −8 ) which is placed between two layers with unit permeability (K = 1), as shown in Fig. 1 . Again, we consider the Biot's model (1)- (2) on Ω = [0, 1] × [0, 1] and ∂Ω is split into two disjoint subsets Γ t and Γ c on which we assume the following boundary conditions: on the bottom, which is free to drain, a uniform load is applied, that is, whereas, at the sides and top, we consider them to be rigid and impermeable, that is
Zero initial conditions are considered and right hand side are chosen to be zero. Note that this example can be reduced to a one-dimensional problem in the vertical direction and, therefore, we will show the numerical solution to one vertical line x = 0.65 in the domain Ω.
In Fig. 2 , we show the numerical solution for the pressure with τ = 1 and h = 1/32. As we can observe that there is no nonphysical oscillations, which demonstrates robustness of the weak Galerkin discretization for the Biot's model. We emphasize that, using standard P 1 -P 1 continuous finite element method as shown in [27] , strong spurious oscillations appear in the numerical solutions for the pressure using the same mesh size and time step size.
Mandel's problem
Mandel's problem (see [51] ) models an infinitely long poroelastic slab sandwiched at the top and the bottom by two rigid frictionless and impermeable plates. The material is assumed to be incompressible and saturated with a single-phase incompressible fluid. Both plates are loaded by a constant vertical force as shown in Fig. 3 , where a 2a × 2b wide crosssection is displayed. The force of magnitude 2F per unit length is suddenly applied at t = 0, generating an instantaneous X. Hu overpressure by the Skempton effect [52] , which will dissipate near the side edges as time progresses due to the drainage effect, since the side surfaces (x = ±a) are drained and traction-free. As shown in [53] , the horizontal displacement u is independent of the vertical direction y, whereas the vertical displacement v is independent of the horizontal coordinate x. The analytical solution for the displacement and pore pressure can also be found in [53] . In our numerical experiments, the physical parameters are chosen the same as [27] . The dimension of the porous slab is specified by a = b = 1, and the material properties are given by K = 10 −6 , E = 10 4 , and ν = 0. The applied force has a magnitude of F = 1. We then approximate the 
